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Denisov’s theorem on recurrence coefficients
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Abstract

Recently Denisov (aka Dennisov) (Proc. Amer. Math. Soc.) has proved the following

remarkable extension of Rakhmanov’s theorem (Math. USSR-Sb. 46 (1983) 105; Russian

Original, Mat. Sb. 118 (1982) 104) (see also (Mate et al., Constr. Approx., 1 (1985) 63; Nevai,

J. Approx. Theory 65 (1991) 322)) which was conjectured in (Nevai, in: Approximation

Theory IV, Vol. II, Academic Press, New York, 1989, pp. 449–489, Conjecture 2.7, p. 453).

r 2004 Elsevier Inc. All rights reserved.

Theorem 1 (Denisov). If the measure m defined on R has compact support, m040
almost everywhere in ½�1; 1�; and the set suppðmÞ\½�1� e; 1þ e� is finite for every e40;
then

lim
n-N

anðmÞ ¼ 1
2

ð1Þ

and

lim
n-N

bnðmÞ ¼ 0: ð2Þ
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Here anðmÞ and bnðmÞ denote the recurrence coefficients for the orthonormal
polynomials fpnðmÞg associated with m (here pnðm; xÞ ¼ gnxn þ?). Rakhmanov’s
theorem [10] asserts (1) and (2) under the hypothesis that m is supported in ½�1; 1�
and m040 almost everywhere there. The significance of Denisov’s extension lies
in the fact that, according to Blumenthal’s theorem [1], the limit relations in (1)
and (2) imply that ½�1; 1�DsuppðmÞ and suppðmÞ\½�1� e; 1þ e� is finite for every
e40:2

Denisov used operator theoretic arguments. In view of the importance of the
result, it is worthwhile to give another proof which is based on standard and purely
‘‘orthogonal polynomial’’ techniques which we have developed in a series of papers
in the 1980’s when extending Szego+’s theory (cf. [4–6]).

Proof. Just like Denisov, we also use the fact that if the support of a measure s lies in
½�1; 1� and s040 on a set of (Lebesgue) measure at least 2� d; then

lim sup
n-N

ðjanðsÞ � 1=2j þ jbnðsÞjÞpyðdÞ; ð3Þ

where yðdÞ depends only on d; and yðdÞ-0 as d-0: Denisov proves this in
detail in [3], but there is a fairly short proof using some well-known inequalities.
In fact, let nðtÞ; tA½�p; p� be the measure that we obtain by projecting s up the
unit circle, and let FnðnÞ be the recurrence coefficients (frequently called reflec-

tion or Verblunsky coefficients) for the Szego+ type orthogonal polynomials with
respect to n: It is well-known (see, e.g., [7, Lemma 7.8, p. 189] and [15, (3.14)
and (3.15)]) that

ak ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� F2kÞð1� F2

2k�1Þð1þ F2k�2Þ
q

and

bk ¼ 1
2
½F2k�1ð1� F2kÞ � F2kþ1ð1þ F2kÞ�:

Therefore, it is sufficient to show that if n040 on a set of measure at least 2p� d�;
then

lim sup
n-N

jFnðnÞjpd�: ð4Þ

The latter follows from the inequality

jFnþ1j2p
2

p

Z 2p

0

jqnðeitÞj
ffiffiffiffiffiffiffiffiffi
n0ðtÞ

p
� 1

� �2

dt þ 2

p

Z 2p

0

jqnðeitÞj2 dnsðtÞ; ð5Þ

where ns denotes the singular part (with respect to Lebesgue measure) of n and where
qn is an arbitrary algebraic polynomial of degree at most n (see [11, Lemmas 2 and 3]
or [9, Theorem 15]). By the Fejér–Riesz representation theorem, every nonnegative
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2However, it does not follow from (1) and (2) that m040 almost everywhere in ½�1; 1�: For instance, m
can be singular with respect to Lebesgue measure (see, e.g., [2,14]).
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trigonometric polynomial can be written as jpðeitÞj2 with some algebraic polynomial
p: Hence, inequality (5) implies

lim sup
n-N

jFnj2p inf
T

Z 2p

0

ð
ffiffiffiffiffiffiffiffiffi
TðtÞ

p ffiffiffiffiffiffiffiffiffi
n0ðtÞ

p
� 1Þ2 dt þ

Z 2p

0

TðtÞ dnsðtÞ
� �

; ð6Þ

where the infimum on the right is taken for all nonnegative trigonometric
polynomials T : Since every nonnegative upper semi-continuous 2p-periodic function
is a decreasing limit of 2p-periodic continuous functions and hence of nonnegative
trigonometric polynomials, the preceding inequality remains valid (use the
monotone convergence theorem) if the infimum in it is taken for all nonnegative
upper semi-continuous functions T : By Lusin’s theorem [12, Theorem 2.24] there is a
compact set ED½0; 2p� of measure at least 2p� d� such that n0 is positive and
continuous on E; and ns is supported outside E: Therefore, in (6) we can set T equal
to 1=n0 on E and 0 outside E to conclude the proof of (4).

Having verified (3), we return now to the proof of the theorem. Inequality (3)
implies that if b is a measure supported on ½�1� e; 1þ e� and b040 almost
everywhere in ½�1; 1�; then

lim sup
n-N

ðjanðbÞ � ð1þ eÞ=2j þ jbnðbÞjÞpyð2eÞ: ð7Þ

Let e40 be fixed, and let

m� mj½�1�e;1þe� ¼
Xr

i¼1

cidxi
; ci40:

It is well-known that each xi attracts a zero of pnðmÞ (see, e.g., [13, Theorem 6.1.1,
p. 111]),3 so that for sufficiently large n there are distinct zeros xn;i; 1pipr of pnðmÞ
with xn;i-xi as n-N: Thus, if we set qrðxÞ ¼

Qr
1ðx � xiÞ and qn;rðxÞ ¼

Qr
1ðx �

xn;iÞ; then uniformly in xA½�1� e; 1þ e� we have

qrðxÞ
qn;rðxÞ

����
����p1þ tn; where tn-0 as n-N: ð8Þ

Next, set dbðxÞ ¼ q2
r ðxÞ dmðxÞ; and compare the leading coefficients of the

corresponding orthogonal polynomials gnðmÞ with gn�rðbÞ: Note that the support
of b lies in ½�1� e; 1þ e� and b040 almost everywhere in ½�1; 1�; so that for it
inequality (7) holds. Making use the extremal property of orthogonal polynomials
we obtain

1

g2nðmÞ
¼ min

PnðxÞ¼xnþy

Z
R

P2
n dmp min

Pn�rðxÞ¼xn�rþy

Z
R

P2
n�rq

2
r dm ¼ 1

gn�rðbÞ2
ð9Þ

ARTICLE IN PRESS

3 In fact, each xi attracts precisely one zero of each pnðmÞ:
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and, similarly,

1

g2n�rðbÞ
¼ min

Pn�rðxÞ¼xn�rþy

Z 1þe

�1�e
P2

n�rq
2
r dm

p ð1þ tnÞ2 min
Pn�rðxÞ¼xn�rþy

Z 1þe

�1�e
P2

n�rq
2
n;r dm

p ð1þ tnÞ2
Z
R

pnðmÞ
gnðmÞqn;r

� �2

q2
n;r dm ¼ ð1þ tnÞ2

g2nðmÞ
:

Therefore,

gn�rðbÞpgnðmÞpð1þ tnÞgn�rðbÞ: ð10Þ

Now this and the same inequality for n þ 1 instead of n yield for anðmÞ ¼
gnðmÞ=gnþ1ðmÞ the estimate

1

1þ tnþ1
an�rðbÞpanðmÞpð1þ tnÞan�rðbÞ; ð11Þ

from which we obtain

lim sup
n-N

anðmÞ ¼ lim sup
n-N

anðbÞ; lim inf
n-N

anðmÞ ¼ lim inf
n-N

anðbÞ: ð12Þ

Since e40 was arbitrary, formula (1) is a consequence of (12) and (7).
Next, consider the polynomials

Sn;7ðxÞ ¼ 1

2
pnðm; xÞ7gnðmÞpn�rðb; xÞqrðxÞ

gn�rðbÞ

� �
:

By orthogonality,

Z
R

ðSn;�Þ2 dmþ
Z
R

ðSn;þÞ2dm ¼ 1

2
þ g2nðmÞ

2g2n�rðbÞ
p

1þ ð1þ tnÞ2

2
;

where we used (10). Sn;þ is a polynomial of degree n with leading coefficient gnðmÞ so
that by the extremal property (9), the second integral on the left is at least 1.
Therefore, it follows thatZ

R

ðSn;�Þ2mptn þ t2n=2: ð13Þ

We have for all measures a

bnðaÞ ¼
Z
R

xp2
nða; xÞ daðxÞ:
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Using this formula for both bnðmÞ and bnðbÞ; we obtain

bnðmÞ �
bn�rðbÞg2nðmÞ

g2n�rðbÞ

����
���� ¼

Z
R

x p2
nðm; xÞ � g2nðmÞ

g2n�rðbÞ
p2

n�rðb; xÞq2
r ðxÞ

� 
dmðxÞ

����
����

pC

Z
R

jSn;�Sn;þj dmpC

Z
R

ðSn;�Þ2 dm
� �1=2 Z

R

ðSn;þÞ2 dm
� �1=2

where the constant C depends only on the location of the support of m: We can
write

Z
R

ðSn;þÞ2 dm
� �1=2

p
1

2

Z
R

p2
nðmÞ dm

� �1=2

þ gnðmÞ
2gn�rðbÞ

Z
R

p2
n�rðbÞq2

r dm
� �1=2

¼ 1

2
1þ gnðmÞ

gn�rðbÞ

� �
p1þ tn=2

(see (10)), so that we obtain from (13) and (8)

lim
n-N

bnðmÞ �
bn�rðbÞg2nðmÞ

g2n�rðbÞ

����
���� ¼ 0:

Therefore, using again (10), we see that

lim sup
n-N

jbnðmÞj ¼ lim sup
n-N

jbn�rðbÞj:

Now formula (2) follows from here, inequality (7), and from the fact that e40 in (7)
is arbitrary. &
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